Differ ence Quotient Activity
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coreyboby@yahoo.com
Arkansas School for Mathematics and Sciences

Objectives:
- All sudents will be able to explain (verbaly and/or in writing) the concept of

the difference quotient as the definition of the derivative with 100% accuracy.

All students will be able to evduate the difference quotient for smple

polynomias with 80% accuracy.

All sudentswill be ableto usea TI-92 or TI-89 to define the difference

quotient and various functions with 100% accuracy.

All sudents will be ableto usea TI-92 or TI-89 to evduate the difference

quotient for varying functions (polynomid, trigonometric, exponentid, etc.)

with 100% accuracy.

Text:
Cdculus, by Deborah Hughes-Hallett et d., Chapters2 & 4

Background:

The concept of the difference quotient is rdatively smple for most sudentsto
understand. However, the algebraic amplification that usually comes as part of thistopic
can cause difficulty for even the most gifted math sudents. This unit is designed to aid
students with the complicated agebraic manipulations in order to dlow them to focuson
concepts more and to discover the rules for the derivatives of smple functions for
themsdves. For the purposes of this unit it is assumed that the class has dready received
indruction that speed is the dope of the tangent line. The unit will explore the derivative
a apoint, the derivative function, and the intuitive development of smple derivative
rules.

In the spirit of reform calculus, sudents should be presented topics according to
the rule of four. The four components being: geometricaly, numericaly, andyticaly,
and verbdly. One of the purposes of thislessonisto add afifth dimension,
technologicdly. The approach from many anglesis designed to develop mathematical
thinking firgt then mathematica skills second. Students that have a clear intuitive picture
of the centrd ideas are practicing mathematical thinking. In the traditiond classroom,
this conceptua understanding is often neglected. It isthe purpose of reform caculus and
this project to develop thisleve of thinking. The added use of technology servesto free
gudents from performing challenging paper and pencil manipulations to greater enhance
their leved of mathematica thinking. After students develop understanding of a concept
the focus naturdly changes to mathematica skills, which will become strengthened by
repeated practice.

The Lesson:
We begin by discussing the notion of the derivative as the dope of the tangent
lineat apoint. Since we cannot find the dope with just one point we use a technique



smilar to measuring speed. We take short intervals to gpproximeate the vaue. If we have
afunction we can make the interva very smal and therefore more accurate. |llustrate
this dynamically with the Geometer's Sketchpad illusiration bel ow.
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Next we need to find the dope of the secant linein the given picture. The results
follow.

_ fx+h)- f(x) _ f(x+h)- f(x)

Yope
P X+h-x h

This, of coursg, is the difference quotient. The next Sep isto shrink the vduefor h. This
leads naturaly to the notion of alimit. (Reform caculus does not teech limitsasa
separaetopic, it isintegrated throughout the entire text.) The addition of alimit isthe
fina step in the definition of the derivative & a point (or more generdly of an entire
function).

f'(x):limf(x+h)_ f(x)

h® 0 h

Next we use this definition to find the derivative of f(x) = x* at x = 1. | divide
gudentsin smal groups and have each group investigate this problem in one of four
ways using dynamic geometry, andyticdly usng the difference quotient, using the Tl-
83 tables, or using graph paper and spaghetti. Each group should share their results when
finished. Examples of each follow:

Anaytic Computation
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Dynamic Geometry
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In al cases the answer should work out to gpproximately two. We then discuss the pros
and cons of each method. The analytic solution is the only exact one, but it is perhaps the

mog difficult to work.

Next we add the T1-92 or TI-89 to automate the smplification of the difference

quatient. Firgt define the difference quotient using

the Define command from the Other

menu (F4) from the home screen (see dg function).
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The new difference quotient function can be used to evauate any function at any point or
to find the derivative function. The limit can be incorporated into the definition of the
function (see the attached der function for the TI-89), but | prefer to have students
evduaethe limitinitidly. Also, it isrddivey easy to define the symmetric difference
quotient, atopic usualy avoided because it complicates expressons. Thistopicis

usualy assgned as homework.



Name

Differ ence Quotient Homewor k

1. Find the derivative of f(x) = 3x* - 8xat x = 3
a. Using dynamic geometry
b. Using the defined difference quotient on your T1-92 or T1-89
c. Andyticaly usng paper and pencil
d. Discuss the pros and cons of each method.

2. Another way to define the derivative is using the symmetric difference quotient. This
method does not use the function vaue a the point in question. Ingtead it uses values
above and below the given point as follows:
f(x+h)- f(x- h)
2h

Define this function in your calculator as sdq and useit and the origina definition of the
difference quotient to eva uate the following. Compare the results.

a Find the derivative of f(x) = x* at x = 3.

b. Find the derivative of f(X) = Snx a x = p/4

c. Find the derivative of f(x) = 3x°

0=l

3. Define adifference quotient that incorporates alimit. Name thisfunction theder. Use
it to evauate the following.

a Thederivaiveof f(x) = e“ax=0andx=1

b. The derivative of f(x) = 2x° - 6x* + 2x3-8x*-3x + 5a x = 2

c. Thederivative of f(x) = 2x° - 6x* + 2x3 - 8x?-3x+ 5

4. Use the derivative function defined in problem 3 to find the following.
a f(x) = x*
b. f(x) = x3
c. f(x) = x*
d.f(x) = x°
e. f(x) = x°
f. f(x) = x*°
g. f(x) = x*°

5. Using your results of problem 4 make a conjecture about the derivative of f(x) = x".

6. Find the derivative function of the following.
af(x)=¢
b. f(x) = 2
c. f(x) = anx
d. f(x) = cosx
e f(x)=Inx



