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Objectives:

1) Studentswill see an application of graph theory to a classc problem known asthe
Konigsburg Bridge Problem and be able to gpply results on Euler Paths and
Circuitsto solve related problems.

2) Studentswill know what the Traveling Salesman Problem is and discover how
difficult it can be for even ardativey smdl number of cities. Studentswill be
able to apply the Nearest Neighbor Algorithm to such problems

Key Points:

1) A graph consgsof pointsand edges. Anedgeisan arc (or line segment) joining
two points. Points are o called vertices. A path joins one point (vertex)
successively to a sequence of other points (vertices) dong edges. A circuitisa
path that sarts and ends a the same point. An Euler path or circuit passes through
every vertex exactly onetime.

2) The Travding Sdesman Problem isthe problem of vigting a collection of cities
in the mogt efficient manner so that no city isvidted twice. The Nearest
Neghbor Algorithm isaquick and efficient method of approaching the Traveling
Sdesman Problem athough it usudly does not give the best solution.

The Bridges of Konigsburg. (1 Day)

One of the classic problemsin Graph Theory is the Bridges of Konigsburg.
Konigshurg isacity in Germany with seven bridges joining various parts of the city
across the Pregdl River (see figure below).

To mathematicians, though, Kénigsburg is
best known because of a puzzle associated
with its seven bridges, which were located
roughly as illustrated on the right. Its

citizens pondered for a long time whether it
was possible to walk about the city in such a
way that you cross all seven bridges (yellow
in diagram) exactly once.




As mentioned above, on a pleasant afternoon, afavorite pastime of people in Konigsburg
was to try and walk a path across each bridge and return to their starting point crossing
each bridge exactly onetime. The great mathematician Euler (pronounced “oiler”)

redlized that this task could be trested a problem in Graph Theory by stripping it down to
the bare essentias. The various parts of the city separated by the river could be treated as
points (called vertices in Graph Theory) and the paths between them across the bridges as
line segments or arcs (called edges). Below isthis stripped down version of the seven
bridges problem.

Using this stripped down version of the problem, Euler was able to give an argument that
showed that such acircuit did not exist; that is, he proved that it was impossible to make
such awalk. Thisidea has been extended to arbitrary graphs and a path starting a a
certain vertex and passing aong each edge (across each bridge) exactly one time ending
at the origind vertex iscdled an Euler Circuit in honor of the man himsdf.
1) At thispoint sudents should try to find an Euler Circuit for the Konigsourg
bridges.
2) After many atempts, ask sSudentsif they bdieveit is possble and why or why
not. Inform the students that thereis no Euler Circuit but before you explain why
have them try and find Euler Circuits for the grgphs A, B, C, and D below.




It may be possible a this point for some students to come up with aargument smilar to
the one Euler gave. Euler redized that unless oneis a the Sarting vertex, for any Euler
Circuit, every time the path goes into a vertex it must aso come out or else one would be
stuck at that vertex since you are not allowed to retrace any edge. Hence, except for the
garting vertex, each vertex must have an even number of edges atached to it (such a
vertex issad to have even degree). Asfor the garting vertex it must dso have even
degree since you start out from there and every time you come back to it (if any) you will
go out until you finish there. Heurigticaly then it gppearsthat ALL vertices must have
even degree.  Since NONE of the vertices in the Konigsburg bridge graph have even
degree, there certainly cannot be an Euler Circuit. Infact, Euler gave arigorous proof of
the following theorem on the existence of an Euler Circuit.

Theorem: A graph has an Euler Circuit if and only if it is connected and dl its vertices
are of odd degree.
Note: Connected means that every vertex isjoined to at least one other vertex.

3) Have students use the theorem to check their answers about the graphs A,B,C, and D
above that have Euler Circuits.

Agan, apath that begins and ends &t the same vertex is cdled acircuit and if it covers
each edge exactly once, it is caled Eulerian or an Euler Circuit. Then, adeght variation
on the problem is to alow the path to end at a different vertex than the starting one, that
is, the Euler Path does not have to be acircuit but does have to cover every edge exactly
once. Inthis case, the above theorem requires a dight change.

4) Ask students how thiswill change the Theorem.
5) To evauate if the students have grasped these ideas, have them determine which of the

graphs above have Euler Paths. Having explored these idess, they should also be able to
find Euler Paths for those graphs.



All the graphs above were taken from the website on the Konigsburg Bridge Problem,
Math Dept, The Nationd Universty of Ireland, Maynooth:
http:/Amww.maths may.ielimages’konig.html

The Traveling Salesman Problem (TSP). (2 Days)

A Graph Theory problem that has many applications and appears to be very
redigtic isthe Traveling Sdesman Problem: Given asat of cities (or locations) and the
distances between each pair of cities (or locations), find a path which vists each city
exactly one time such that the tota distance traveled is minimum. This problem lends
itself readily to Graph Theory as the locations can be represented by vertices and, for
those cities which are joined by some edge, the edge can be labeled with the distance (in
red lifeit may not be possble to travel from alocation to al other locations-the verson
of TSP here only considers the case where each location isindeed connected to all the
others).

1) Have students solve the TSP for the graph below, i.e. find a path that passes through

each city for which the totd distance (in miles) isminimum. For convenience, it is best
to pecify which vertex is the starting point athough this requirement will not affect the

optima solution.
Minnegpolis Chicago

Cleveland

<. Louis

Students will solve the problem by trying dl examples and picking the one that gives
the minimum vaue. Thistechnique is known in Graph Theory as Brute Force. Itisthe
only known method for ensuring that one has actudly found the path that gives the
minimum vaue. For smdl graphsit is a reasonable gpproach and can be programmed for
caculators and computers. However, it doesn’'t take many vertices to produce a Situation
where the time needed for this dgorithm becomes quite large. In the case of 4 cities
darting & some city, there are 3 choice for the next leg of the journey and then 2 for the
next leg and findly 1 choice for the find leg. The Fundamenta Theorem of Counting
then gives the total number of paths as 3* 2* 1=6. Students should have also seen that
there isa symmetry among dl the possihilities, i.e. the path . Louis-Clevdand-Chicago-
Minnegpolis-St. Louis will produce the same mileage asitsreverse, . Louis-
Minnegpalis-Chicago-Cleveland-St. Louis. Hence, instead of 6 possibilities there are
redly only 6/2 = 3*diginct” ones. In generd, if there are n+1 cities for some postive
integer n, then, starting at some city, there are n choices for thefirst leg, n-1 for the



second leg, n-2 for the third leg, until we get down to 3 choices, then 2, then 1 choice.
Again using the Fundamental Theorem of Counting the tota number of pathsis
n(n-1)(n-2)...3*2*1 which isn factorial and is denoted by n!. Asin the case of 4 paths
above, due to symmetry the result nl must be divided by 2 to obtain the number of
“diginct” paths.

2) Students should calculate:

a 4 b)5 ¢ 10 d)20

Look a how large 20! is. And thisis“only” twenty-one cities. How about 100! (a
hundred and one cities)?

3) If aredly good computer can perform one hillion (10°) operation per second, it could

handle the expression 100! in &) seconds. Isthisareasonable
number? To see what this number really means have students convert units.

b) minutes

C) hours

d) days

e) weeks

f) months

9 years

h) centuries

) millennia

) ??727?7?7can they go further?)

It should be clear at this point that some dternative to the Brute Force method for
solving the TSP isworth exploring. Unfortunately, no totaly satisfactory method has
been obtained, that is, there is no known agorithm (step-by- step procedure) for obtaining
apath that gives the minimum. Moreover, some researches believe that no such
agorithm will ever befound. To explore the TSP further, sudents can go to the TSP
Home Page:  http:www.Princeton.edw/tsp. This Site gives a picture of the solution for
15,112 cities-remember there are 15,111!/2 “digtinct” paths altogether.

Rather than ingst on an agorithm that guarantees the best solution i.e. one that gives
the minimum, researchers have developed dgorithms that give good results much of the
time and seem reasonable. Such dgorithms are sometimes called heuristic because they
are quick and seem reasonable even if they may not always produce the best resullt.
One of theseis called the Nearest Neighbor Algorithm:

From the starting city pick the nearest city, and then at each stage thereafter, go to the
nearest city that has not already been visited (if there are several unvisited cities the
same distance away, choose any of them).



Hence, in the origind problem of four cities above, sarting at Chicago, fird travel
300 milesto & Louis, then 541 milesto Cleveland. Since we must vist Minnegpolis, we
then travel the 774 milesto it from Cleveland and then the 425 miles back to Chicago.
The total mileage is 300+541+774+425=2040 miles. Note that this does not give the
minimum distance but it has the great advantage that it is easy to use no matter how many
citiesare involved and it gives a“reasonable’ answer.

4) Have students congtruct the graph and use the Nearest Neighbor Algorithm for the
following Stuation below garting and ending a A.  Can they find a path thet givesa
smaler vaue? Repeat darting at other Sites.

A B C D E
A 40 55 85 80
B 40 75 95 70
C 55 75 65 60
D 85 95 65 90
E 80 70 60 90

5) Have students creste their own graph with their favorite cities. Then, apply the
Nearest Neighbor Algorithm toit. To use the Nearest Neighbor Algorithm, studerts can
have alot of citiesbut if they wish to compare it to the best solution found by Brute
Force, they will need to keep the number of cities below 6-remember for 6 cities there
are 5!/2=60 “digtinct” paths, whereas for 5 cities, there are only 4!/2=12 “didtinct” paths.
Doesthe choice of starting point affect the result? Does the Nearest Neighbor Algorithm
give the minimum?
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ANSWERS
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1) The Konigsburg bridge graph hasno Euler circuit. Asweshall seelater thisis
dueto thefact that it hasa vertex with an odd degree (in fact, ALL vertices have
odd degree).

2) Only B hasan Euler Circuit. Again, all other graphs have a vertex of odd degree.

PAGE 4

4) A graph will have an Euler Path which isnot an Euler Circuit, if it has exactly 2
vertices of odd degree. The Eulerian Path must begin at one of the vertices of odd
degree and end at the other one.

5) Graphs A and D have Euler Paths since they have exactly 2 vertices of odd
degree.
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1) Westart at Chicago but it doesn’t matter asthese are circuits so the total
distance doesn’t depend on the starting point.

TOTAL
DISTANCE

5421:CIeve—7—747Minn—425—Chi 2040
St Louis Minn 4 Cleve—349—Chi 1985
30
7 Cleve 541 St Louis-366—Chi 2040
Chicago Minn
St Louis— 54— Cleve—349—Chi 1877
3
Cl

evt\ml“\/l inn—562—St Louis366—Chi 1985
1877

541=St Louis562—Minn—425—Chi

Using atree diagram all possible routes ar e constructed with the total mileage (the
method of Brute Force). Clearly the shortest distanceis 1877 milesand occursfor
Chicago-Minneapolis-St. L ouis-Cleveland-Chicago and

Chicago-Cleveland-St. L ouis-Minneapolis-Chicago which isjust thefirst one
traveled in the opposite direction (so therearereally only 3 “distinct” possibilities).
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2) a)24 b)120 c) 3,628,800 d) 2.43290 x 108

3) a) 9.33262154x10%’

The T189 can actually compute 100! but the T183 givesan overflow error. There

are many ways around this problem. Oneisto compute 60! = 8.320987113x10%*
(actually thelimit of the TI83is69!) and then do 100*99*98*...*62* 61 = 100P40 =
1.121576253x107°. Multiplying 8.320987113*1.121576253 and rounding to 8 places
yieldsthe desired result above.

b) 1.555436923x10'" ¢) 2.592394872x1'*° d) 1.08016453x10***

e) 1.543092186x10'**  f) 5.14364062x10** (using 30 daysin a month)

0) 4.286367183x10™° h) 4.286367183x10™® i) 4.286367183x10™’
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4)

40 80

B 70 E
85
0
7
C 65 D

Starting at A: A—40—B---70---E---60---C---65---D---85---A for atotal of 320
Starting at B: B---40---A---55---C---60---E---90---D---95---B for atotal of 340
Starting at C: C---55---A---40---B---70---E---90---D---65---C for atotal of 320
Starting at D: D---65---C---55---A---40---B---70---E---90---D for atotal of 320
Sarting at E: E---60---C---55---A---40---B---95---D---90---E for atotal of 340
Clearly, in the case of the Nearest Neighbor Algorithm, the starting point makes a
difference but the best valueis 320.

Notethat the circuit C-A-B-E-D-C isthe“same’ as D-C-A-B-E-D.

Brute For ce shows that the best possible value is also 320.

Note: Whilel havetried to check all the answers above, errors can occur. If you
discover any, | would greatly appreciate it if you would notify me.
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